Weights of 1 or 0 are assigned to the vertices of the n-cube in n-dimensional Euclidean space. Such an n-cube is called balanced if its center of mass coincides precisely with its geometric center. The seldom-used n-variable form of P olya's enumeration theorem is applied to express the number N n;2k of balanced con gurations with 2k vertices of vertices of weight 1 in terms of certain partitions of 2k. A system of linear equations of Vandermonde type is obtained, from which recurrence relations are derived which are computationally e cient for xed k. It is shown how the numbers N n;2k depend on the numbers A n;2k of specially restricted con gurations. A table of values of N n;2k and A n;2k is provided for n = 3; 4; 5 and 6. The case in which arbitrary, non-negative, integral weights are allowed is also treated. Finally, alternative derivations of the main results are developed from the perspective of superposition.
Introduction
The enumeration of various types of Boolean functions has its origins over one hundred years ago in the work of W.K. Cli ord C`82] (see pp. 134-146 of W.S. Jevons Je92] for a summary). The quaint terminology of these early references is not easily understood, the methods are laborious, and only a few simple cases are considered. The problems of Cli ord and Jevons were recast in a more accessible form by P olya Po40], who viewed the logical propositions as distributions of marks of two sorts, say T and F for true and false, on the 2 n vertices of an n-cube. P olya then derived e cient formulas which permitted him to correct Cli ord's errors and verify some results of Jevons. For example, a problem of Jevons asks for the number of certain \consistent" logical propositions in 4 variables. P olya interpreted these as colorings of the vertices of a xed 4-cube with two colors, say black and white, such that no face has all of its vertices black, and he used the method of inclusion and exclusion to derive a simple formula that applies to any dimension.
Several papers have been written since P40] which extend and re ne P olya's results. See, for example S`53], Ha63a], HaH68], PaR73b] and PaR84] .
In this article we are concerned with 2-colorings of the vertices of a xed, geometric n-cube. We regard the black vertices as having weight 1 while the whites have weight 0, and we seek to determine the number N n;2k of these con gurations with 2k black vertices whose center of mass is identical to the geometric center of the n-cube. We apply the seldom-used n-variable form of P olya's theorem for counting combinations and obtain a formula for N n;2k which depends on the partitions of 2k. This formula then leads us to a system of linear equations of Vandermonde type from which e ective recurrence relations can be derived. We also investigate the number A n;2k of antiantipodal colorings, that is, balanced colorings in which no two black vertices are antipodal. These bear a straightforward relationship to the N n;2k 's, from which the A n;2k 's can be calculated. The numerical results suggest that A n;2k = 0 when n 3 and k = 2 n?2 ? 1, a fact which is then con rmed by a combinatorial argument.
De nitions
The set V of vertices of the geometric n-cube, Q n , consists of the 2 n points in n-dimensional Euclidean space each of whose coordinates is +1 or ?1, i.e., V = f(" 1 ; : : : ; " n ) j " i = 1; i = 1; : : : ; ng:
Two vertices are adjacent if they di er in exactly one coordinate. Thus the distance between them is 2.
A 2-coloring of the vertices of Q n is a function f from V into the set fblack, Let N n;2k be the number of balanced colorings of the n-cube with exactly 2k black vertices. The partitions of 2k are denoted by vectors hji = (j 1 ; : : :; j 2k ) where
Theorem 3.1. The number N n;2k of balanced colorings of the n-cube with 2k black vertices is N n;2k = X Proof. We use the form of P olya's enumeration theorem which counts combinations by weight. Our \ gure counting series" is the polynomial in the variables x 1 ; : : : ; x n de ned by c(x 1 ; : : :;
The 2 n monomials in the expansion of the product of (3.6) correspond precisely to the vertices of the n-cube. For each i = 1 to n the i-th coordinate of any vertex is +1 if and only if x i is a factor of its monomial. For example, when n = 5 the vertex (1; ?1; 1; 1; ?1) corresponds to the monomial x 1 x 3 x 4 .
The colorings of the n-cube with 2k black vertices correspond to 2k-subsets of the 2 n monomials in c(x 1 ; : : :; x n ). We call the product of the monomials in such a 2k-subset the weight of the subset. Suppose the weight of a 2k-subset is x t 1 1 : : : x tn n . Then for each i = 1 to n the corresponding coloring has exactly t i black vertices for which the i-th coordinate is +1. Then N n;2k is just the number of 2k-subsets of weight x k 1 x k 2 : : : x k n because for each i = 1 to n, k of the black vertices have i-th coordinate +1 and the other k have ?1.
The counting series for these 2k-subsets by weight is obtained by applying the form of P olya's theorem We now show how to nd a recurrence relation satis ed by N n;2k for each xed k. First, note that N n;0 = 1 for all n 0. For n > 0, the sum in formula (3.3) over all partitions hji of 2k can be con ned to those terms for which N(hji) > 0. where (x) is a polynomial of degree at most m. The recurrence follows by multiplying (3.15) by the right side of (3.12) and observing that the coe cient of x n in the resulting convolution is 0 when n > m. We emphasize that most of the entries in Table 1 for N n;2k were computed using formula (3.3) of Theorem 3.1. The condition n > m in the hypothesis of Corollary 1 requires n > 7 when 2k = 8. Even if 2k = 6, there are m = 4 di erent values for N(hji) and so in Table 1 only N 5;6 and N 6;6 can be obtained from the recurrence relation for N n;6 .
The theorem can also be used to determine the number A n;2k of balanced colorings with 2k black vertices but no antipodal pair of black vertices, i.e., antiantipodal colorings. Note that A n;0 = 1 for all n 1 and that A n;2k = 0 unless 2k 2 n?1 .
Corollary 2.
A n;2k = N n;2k ?
Proof. For each i = 0 to k, an antiantipodal coloring with 2i black vertices has 2 n?1 ? 2i pairs of antipodal white vertices. On selecting k ? i of these pairs and coloring their 2(k ? i) vertices black, we obtain a balanced coloring with 2i + 2(k ? i) = 2k black vertices. Therefore the number of these for each i is 0 @ 2 n?1 ? 2i k ? i 1 A A n;2i : 2
The numbers N n;2k and A n;2k are displayed in Table 1 for n = 3; 4; 5 and 6 and 2k 2 n?1 . If the colors of any 2-coloring of two vertices of the n-cube are switched, we obtain the complementary coloring or the complement. Clearly the complement of a balanced coloring is also balanced. Hence N n;2k = N n;2 n ?2k (3.18) and so the numbers of balanced colorings with 2k > 2 n?1 have been omitted from Table 1.
Note that when 2k = 2 n?1 ? 2; A n;2k = 0 for 3 n 6. We have found this to be the case in general. A n;2k N n;2k 2k n Table 1 . Balanced colorings of the n-cube for n = 3; 4; 5 and 6. 8 Theorem 3.2. A n;2k = 0 for n 3 and k = 1 or k = 2 n?2 ? 1. Proof. When k = 1 there are only two black vertices, which must be antipodal in order to achieve balance. But such a con guration is not antiantipodal with respect to black.
For k = 2 n?2 ?1, we proceed by contradiction, so x on a particular antiantipodal balanced coloring of the n-cube which contains exactly 2 n?1 ? 2 black vertices. Each of the complementary faces F n and ?F n must contain exactly 2 n?2 ? 1 black vertices in order to achieve balance with respect to the n'th coordinate " n . The opposing vertices must all be white, which accounts for 2 n?2 ? 1 vertices each in F n and ?F n . Let u and v be the other two vertices in F n , i.e., the two which are white and for which ?u and ?v are also white. Now consider balance with respect to some other coordinate, say " i for 1 i < n. Let r denote the number of black vertices in F i \ F n , so that (?F i ) \ F n contains exactly 2 n?2 ? 1 ? r black vertices. Let be the cardinality of fu; vg \ F i , which is 2; 1, or 0. Then the number of white vertices in (F n ? fu; vg) \ F i is 2 n?2 ? r ? , and the number in (F n ? fu; vg) \ (?F i ) is r ? 1 + . These are precisely the vertices antipodal to black vertices in ?F n , so that the total number of black vertices in F i is r+(r?1+ ), and in ?F i is (2 n?2 ?1?r)+(2 n?2 ?r? ).
The balance condition for " i requires these totals to be equal, which gives = 2 n?2 ? 2r: Now, if n 3 then must be even, so that u and v take the same value at the ith coordinate. Since this is true for all i with 1 i < n and since u; v 2 F n we conclude that u = v, which is a contradiction. 2
We also observe in Table 1 Theorem 3.3. A n;2k = N n?1;k for n 2 and k = 2 n?2 . Proof. Here is a sketch of a simple combinatorial argument that veri es this fact. Consider a balanced coloring of dimension n?1 and weight 2 n?2 . If it has 2j antipodal pairs of vertices with one vertex black and the other white, then there must be 2 n?3 ? j antipodal pairs for which both vertices are black and the same number of pairs in which both vertices are white. Use this to make face F n of an n-dimensional coloring. The white vertices of face ?F n are antipodal to the blacks of F n . This guarantees that the coloring being constructed will be antiantipodal. The remaining 2 n?2 vertices of F n are colored black.
Now consider the sum of the i-th coordinates of the black vertices of the new con guration. If i = n, then the sum is zero because there are 2 n?2 black vertices in face F n and the same number in face ?F n . If i < n, rst consider all 2j antipodal pairs of di erent colored vertices in face F n . Their i-th coordinates sum to zero because they come from the balanced antiantipodal portion of the original con guration. Similarly the corresponding 2j black vertices of face ?F n also have i-th coordinate sum zero. Now consider any pair of antipodal black vertices in the original coloring. Each pair has i-th coordinate sum zero in both the original coloring and the new one. Each of these pairs gives rise to a complementary pair in face ?F n which also has i-th coordinate sum zero. Hence the new con guration is balanced. It should be straightforward for the reader to check that this correspondence is a bijection.
4 Counting formulae for integer weightings
A 2-coloring can be viewed as an assignment of weights in f0; 1g, with 0 corresponding to white and 1 to black. The weight of a coloring is then the sum of the weights in that assignment. Suppose now that non-negative integral values or weights are assigned to the vertices of the n-cube so that the sum of the weights is 2k. Thus we allow b 2k black vertices and their weights range from 1 to 2k but must sum to 2k. The other 2 n ? b white vertices have weight 0. To be a balanced con guration, the sum of the weights of all the black vertices with i-th coordinate +1 must be equal to the sum of the weights of the black vertices with i-th coordinate ?1 for each i = 1 to n. The number of these is denoted by TN n;2k . Note that the number b of black vertices is no longer necessarily even. The derivation of the appropriate formulae for computation closely follows the pattern above for N n;2k .
Theorem 4.1. The number TN n;2k of balanced colorings of the n-cube with non-negative integral weights of total 2k is TN n;2k = X
hji N(hji) n h(hji); (4.1) where the sum is over all partitions hji of 2k.
The proof is similar to that of Theorem 3.1 and so we shall just observe some of the crucial di erences. First, we use Z(S 2k ) instead of Z(A 2k ? S 2k ) in equation (3.7). The reason is that we want to choose 2k black vertices with repetition instead of a 2k-subset. Then (4.1) follows from (3.10) and the fact that h(hji) is the coe cient of Q 2k i=1 s j i i in Z(S 2k ). As for the Corollary of Theorem 3.1, one simply replaces N by TN: Thus to the results given in Table 1 , we can add those in Table 2 , which gives the corresponding numbers of weighted, balanced n-cubes, where non-negative integer weights are allowed for the vertices. It can be shown quickly by combinatorial means that TN 2;2k = k + 1 and so these values have been omitted from the table.
The theorem can also be used to nd the number TA n;2k of balanced colorings with non-negative integral weights but no antipodal pair of black vertices. Note that for all n 1, TA n;2k = A n;2k for k = 0; 1; 2. Hence there is some duplication in Table 2 . The binomial coe cient in the corollary below simply counts the number of ways to select k ? j items from a set of 2 n?1 with repetitions allowed.
Corollary 4. The proof is similar to that of Corollary 2. One observes that any balanced coloring can be uniquely expressed as an antiantipodal coloring of weight 2j with the remaining weight of 2k ? 2j accounted for by a selection with repetition of k ? j pairs of antipodal vertices.
The rst instance of an antiantipodal coloring whose black vertices do not all have the same weight occurs in Table 2 for n = 4 and k = 3. Since A 4;6 = 0 and TA 4;6 = 16, each of the 16 con gurations must have some black vertices of di erent weights. In fact there is just one unlabeled antiantipodal con guration of weight 6; we leave its construction to the reader. Table 2 . Balanced colorings of the n-cube with non-negative integral weights for n = 3; 4; 5 and 6.
The superposition approach
There is another way to count balanced colorings of the n-cube. One can use the superposition approach to enumeration that was pioneered by Red eld R27] and Read Re59] . See Chapter 7 of the book HP73] for another description of this method.
Let G 1 and G 2 be permutation groups of degree m. As before we denote a partition of m by hji = (j 1 ; j 2 ; : : :; j m ) where j i is the number of parts equal to i. and observe that N(P) = N(P 1 ). In fact, P = P 1 . The reason is that for the term corresponding to Z(hji) in P 1 , for any hji, the additional factor of h(hji) ?1 from the superposition operation is precisely cancelled by the coe cient of Z(hji) in Z(S m ). Now let N(P) = A + B, where A is the number of superpositions that have no odd automorphisms and B is the number of those which do have odd automorphisms. Note that an automorphism of a superposition is simply an element ('; g 1 ; : : :; g n ) of S m G 1 : : : G n such that Table 1 ). Furthermore, it is easy to see from (4.25) that for any n 3 N n;4 = (1=4) n f(4!) n?1 ? 2 n (4) n?1 + 8 n?1 g: Proof. Balance simply requires that the values of vertices having i-th coordinate +1 sum to k and hence the values of those having i-th coordinate ?1 also sum to k, for i = 1 to n. Such a balanced assignment corresponds uniquely to a superposition under S 2k (S k S k ) : : : (S k S k ) by forming a set of columns with each vertex of the n-cube represented v times if its value is v. 2
As an example, if n = 3 and k = 2, we use P from (5.24) and nd TN 3;4 = N(P) = 9 + 2 + 1 = 12: (5.30) Further, for any n 1 TN n;4 = (1=4) n f(4!) n?1 + 3(2) 3n?3 g: (5.31) Note that Corollary 5 provides an expression for N n;2k which di ers in appearance from that of Theorem 3.1. However the two expressions have the same meaning, in the sense that they lead to the same sequence of computations for evaluating N n;2k once the various de nitions are traced through. Likewise, Corollary 6 provides an expression for TN n;2k which is computationally equivalent to that of Theorem 4.1.
Related Problems
Several questions arising from the above results remain to be investigated. The numerical data suggest that for each n; N n;2k is unimodal with the maximum at k = 2 n?2 , and we ask for a proof of this. More generally, we ask for the asymptotic behavior of N n;2k and A n;2k as n ! 1.
The earlier results all assume the n-cube to be xed in place (labeled). We ask for the number of equivalence classes of balanced colorings under the full automorphism group of the n-cube (order n!2 n ), the rotation subgroup (order n!2 n?1 ), the re ection subgroup (order 2 n ), or the permutation subgroup (order n!). The complications entailed by these re nements seem to be considerable.
The balance condition for a coloring f could be interpreted as independence of coordinate projections from color. In choosing a random vertex v of Q n , let F i denote the event v 2 F i and let B denote the event f(v) = black. Then f is balanced if, and only if, F i is independent of B for each i = 1; : : : ; n. A more stringent notion of balance is obtained by requiring also that F i \F j be independent of B for 1 i < j n. We ask for an e ective enumeration of such colorings.
Finally, the concept of antiantipodal colorings touches on decompositions of colorings. De ne a proper decomposition of a balanced coloring f of Q n to be a set ff 1 ; : : : ; f m g of balanced colorings of Q n such that m 2, w(f i ) > 0 for 1 i m, and each black vertex of f is assigned to black by exactly one of the factor colorings f i for 1 i m. A balanced coloring of positive weight having no proper decomposition is termed irreducible, and we ask for an enumeration of such colorings. Note that the smallest irreducible colorings have weight 2, the two black vertices being antipodal. It is seen that A n;2k is simply the number of balanced colorings of weight 2k having no decomposition with a factor of weight 2. It follows that the colorings enumerated by A n;4 and A n;6 are irreducible.
